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Vortex crystals are equilibrium states of point vortices whose relative configuration is unchanged throughout the evolution. They are examples of stationary point configurations subject to a logarithmic particle interaction energy, which give rise to phenomenological models of pattern formations in incompressible fluids, superconductors, superfluids and Bose-Einstein condensates. In this paper, we consider vortex crystals rotating at a constant speed in the latitudinal direction on the surface of a torus. The problem of finding vortex crystals is formulated as a linear null equation AΓ = 0 for a non-normal matrix A whose entities are derived from the locations of point vortices, and a vector Γ consisting of the strengths of point vortices and the latitudinal speed of rotation. Point configurations of vortex crystals are obtained numerically through the singular value decomposition by prescribing their locations and/or by moving them randomly so that the matrix A becomes rank deficient. Their strengths are taken from the null space corresponding to the zero singular values. The toroidal surface has a non-constant curvature and a handle structure, which are geometrically different from the plane and the spherical surface where vortex crystals have been constructed in the preceding studies. We find new vortex crystals that are associated with these toroidal geometry: (i) a polygonal arrangement of point vortices around the line of longitude; (ii) multiple latitudinal polygonal ring configurations of point vortices that are evenly arranged around the handle; and (iii) point configurations along helical curves corresponding to the fundamental group of the toroidal surface. We observe the strengths of point vortices and the 2019 The Author(s) Published by the Royal Society. All rights reserved.
Introduction
When the fluid flow subject to an external forcing is confined in two-dimensional planar domains, high vorticity regions are localized and self-organizing into a beautiful stationary pattern owing to their mutual interactions. For instance, an experiment of magnetized electrons in a two-dimensional turbulent flow showed that, in the relaxation process of the turbulence, the merger of vortex structures leads to the formation of regular lattice patterns of vortices [1] . Stationary patterns of vorticity regions are observed not only in fluid flows, but also in the other physical phenomena such as semiconductors, superfluid helium and Bose-Einstein condensates. Abrikosov [2] predicted the existence of a two-dimensional lattice structure of magnetic flux lines in type II superconductors, which was experimentally confirmed by Essmann & Träuble [3] . After Feynman's publication on the formation of vortex tubes in superfluid helium [4] , the existence of stable ring lattices of vortex lines with quantized circulations was confirmed in an experiment of rotating superfluid film [5] . Recently, with a development of experimental techniques, the formation of various vortex patterns, not limited to regular lattices and ring structures, has been observed in many experiments of Bose-Einstein condensates [6] [7] [8] .
The discoveries of such stationary patterns consisting of many high vorticity regions motivate us to develop a mathematical model based on the interaction among those regions. It is called Vortex lattice theory, in which we assume that the azimuthal velocity field induced by a localized vorticity region depends only on the distance r from the centre of the region, and it decays as 1/r as r goes infinity. This phenomenological model is different from solving partial differential equations such as the Navier-Stokes equations and the Ginzburg-Landau/Gross-Pitaevskii equations with localized vorticity initial data, but it is flexibly extendable to problems of finding vortex patterns when the number of vorticity regions is large and/or when we consider vortex structures on curved surfaces and two-dimensional domains with many boundaries.
Towards theoretical understanding of the pattern formation of localized high vorticity regions, let us assume that those regions shrink in size with keeping their vorticity unchanged and the vorticity concentrates in a finite set of isolated points. Then the vorticity is expressed as a Dirac's delta measure whose support consists of those points, which are called point vortices. Under this assumption, the interaction of localized vorticity regions simply depends on their inter-particle distance and decays as 1/r as desired. The vorticity diverges at the point vortex, but the circulation around the point vortex represents its strength.
A stationary pattern of point vortices, whose relative configuration remains unchanged, is called a vortex crystal. The study of vortex crystals has a long history, dating back to the 'vortex atom' theory of matter by Thomson [9] in 1860s. It was reformulated in a modern framework by Campbell & Ziff [10] , where a catalogue of vortex crystals in a circular disc domain was provided. We can find many vortex crystals in planar domains with/without boundaries and on a sphere [11] [12] [13] . See a comprehensive survey of the model's history by Newton & Chamoun [14] , and the related references therein. In this paper, we study vortex crystals on the surface of a torus. The toroidal surface has different geometric properties from the two-dimensional plane and the spherical surface: it has non-constant curvature and a non-trivial handle structure. Physical significance of considering vortex structures on curved surfaces has been discussed by Turner et al. [15] . In particular, the vortex crystal on the toroidal surface can be regarded as a particleinteraction-based model of quantized vortex lattice in superfluid helium on the surface of a porous medium [16, 17] . At present, only a few number of vortex crystals on the toroidal surface are known [18] of N identical point vortices along the line of latitude, and (iii) a symmetric two latitudinal polygonal rings of point vortices with the strengths of the opposite signs. The purpose of this paper is to provide more vortex crystals.
One way to obtain a vortex crystal is an 'ansatz-based' approach, where we prescribe the locations and the strengths of point vortices by assuming certain discrete symmetries and confirm whether or not they form vortex crystals. See [11] [12] [13] for examples of vortex crystals obtained with this approach. Owing to the construction, the ansatz-based approach provides symmetric vortex crystals. On the other hand, asymmetric vortex equilibrium states in the unbounded plane have been constructed by solving a nonlinear equation [19] . Another approach is a stochastic numerical method called the Brownian ratchet scheme, with which vortex crystals are searched by moving points randomly [20] . This paper is organized as follows. In §2, we provide a linear algebraic characterization of vortex crystals on the surface of a torus. Using an ansatz-based approach, we then construct ring configurations of vortex crystals that acquire certain longitudinal and latitudinal discrete symmetries. We also observe their asymptotic behaviours when the number of point vortices gets larger in §3. The Brownian ratchet scheme is used to provide another family of vortex crystals on helical curves going around the handle of the torus in §4. For all vortex crystals, we examine their linear stability. The final section is devoted to concluding remarks.
Formulation of vortex crystals on a toroidal surface
Let T R,r denote the toroidal surface of major radius R and minor radius r. Its modulus is the aspect ratio α = R/r > 1, by which we define the two parameters A = (α 2 − 1) −1/2 and ρ = exp(−2π A). Suppose that the locations of N point vortices on the toroidal surface at time t are given by (θ m (t), φ m (t)) ∈ R/2π Z × R/2π Z and Γ m ∈ R are their strengths for m = 1, . . . , N. Then their locations in three-dimensional Euclidean space are represented by ((R − r cos θ m ) cos φ m , (R − r cos θ m ) sin φ m , r sin θ m ). We introduce a complex coordinate in the annular domain D = {ζ ∈ C | ρ < |ζ | < 1} associated with the toroidal surface through the stereographic projection
According to Dritschel & Boatto [21] , the evolution equation of N-point vortices on the toroidal surface is derived from the following formula:
and ζ m denotes the complex conjugate of ζ m . The functions G H (ζ m , ζ j ) and R(ζ m ) represent the hydrodynamic Green function and the Robin function [22] [23] [24] , which are obtained from the analytic expression of a Green function on T R,r owing to Green & Marshal [25] as follows.
and
in which the Schottky-Klein prime function P(ζ ) for the annular domain D [22] is given by In terms of (θ m , φ m ), the evolution equation (2.2) is reduced to
in which F mj , G mj and H m are specified by
. See [18] for its detailed derivation. Suppose now that N point vortices form a relative equilibrium state rotating at a constant speed V 0 in the latitudinal direction, namely, θ m (t) = ϑ m and φ m (t) = ϕ m + V 0 t. Substituting the ansatz into equations (2.3), we obtain the following algebraic equations:
and N j =m
Let us note that, according to Sakajo & Shimizu [18] , equations (2.3) are formulated as a Hamiltonian dynamical system with its Hamiltonian function H being given by
Hence, any vortex crystal is a critical point of the Hamiltonian function containing the logarithmic particle interaction energy term. We here regard equations (2.7) and (2.8) as a linear (null) equation AΓ = 0 for a real 2N × (N + 1) matrix A and a vector Γ ∈ R N+1 : latitudinal speed of rotation V 0 . When we find a point configuration satisfying det(A T A) = 0, the configuration matrix A becomes rank deficient and has a non-trivial null space. Hence, if Rank(A) = k, then the extended vortex strength vector Γ belongs to N + 1 − k dimensional null space. In particular, when the rank of the null space to the configuration matrix A is one, which is the case for the most of vortex crystals obtained in this paper, we can identify the strengths {Γ m } N m=1 and the speed V 0 uniquely up to ± sign under a certain normalization condition. The null space of A is constructed by the singular value decomposition numerically [26] : let σ m ∈ R, u m ∈ R 2N and v m ∈ R N+1 , m = 1, . . . , N + 1 denote the singular values and their corresponding left and right singular vectors. They are obtained by solving the coupled linear systems
Each component of
According to Stokes' theorem, the total vorticity over a closed surface S vanishes, which is equivalent to the constraint N m=1 Γ m = 0 in terms of the strengths of point vortices. When the null-space dimension of the configuration matrix is one, we are unable to impose this constraint on the singular vector v N+1 to the zero singular value σ N+1 = 0, since the sum of up to N components of v N+1 is not necessarily zero, in general. However, the configuration matrix for most of vortex crystals obtained in this paper has a one-dimensional null space. To avoid this contradictory situation, we assume the existence of a background constant vorticity uniformly distributed over the surface S to compensate the total strength Γ total = N m=1 Γ m . As a matter of fact, vortex crystals on the spherical surface are successfully constructed under this assumption [12, 27, 28] . In the same spirit, we do not take the constraint of the zero total circulation into consideration in this paper.
The linear stability of a vortex crystal is verified by computing the eigenvalues to the linearized matrix L ∈ R 2N×2N of (2.3) around the configuration of the vortex crystal numerically. Since equations (2.3) are written as a Hamiltonian dynamical system, the eigenvalues of the matrix L become either a pair of real numbers with the opposite signs or a conjugate pair of pure imaginary numbers. Accordingly, for the eigenvalues {μ m } 2N m=1 of L, let us consider the maximum of the real part of the eigenvalues, namely, μ N L = max 1 m 2N Re(μ m ). Then, the vortex crystal is linearly unstable when μ N L > 0, while it is neutrally stable when μ N L = 0.
Ring configurations
A latitudinal polygonal ring configuration of identical N point vortices is called an N-ring, whose locations are given by
This configuration becomes a vortex crystal [18] whose linear stability and nonlinear evolutions have been investigated [29] . Here, we consider the other families of ring configurations of N point vortices that acquire a discrete rotational symmetry in the longitudinal direction. 
(a) Longitudinal vortex rings
We here refer to the configuration (3.1) as a longitudinal N-ring. Figure 1a is an illustration of a longitudinal 6-ring on the toroidal surface of R = 3 and r = 1, i.e. α = 3.0, in three-dimensional Euclidean space. The first-point vortex with the strength Γ 1 is set at ϑ 1 = γ and ϕ 1 = 0 and the others are polygonally arranged along the line of longitude φ = 0 in the counter-clockwise direction.
The longitudinal 2-ring is always a vortex crystal. In particular, for γ = 0, the dimension of the null space of the configuration matrix A is four, since it is equivalent to an antipodal configuration that has an additional symmetry. For γ = 0, it still forms a vortex crystal, but its corresponding null space is one dimensional and their strengths become the same magnitude with the opposite signs. For N > 2, the configuration matrix A for (3.1) always satisfies Rank(A) = N regardless of γ , which means that the configuration becomes a vortex crystal with dim Null(A) = 1. Then the strengths {Γ m (γ )} N m=1 and the latitudinal speed V 0 are the components of the one-dimensional null space spanned by the right eigenvector v N+1 (γ ) to the zero singular value σ N+1 = 0. Owing to one-dimensional freedom, we choose the extended strength vector Γ (γ ) by normalizing the right eigenvector v N+1 
, v N+1 (γ )] T so that its first N components become the unit vector, namely
Hence, the strength Γ m (γ ) of mth point vortex and the latitudinal speed V 0 (γ ) are the mth and the (N + 1)th components of the normalized strength vector Γ (γ ), respectively. Figure 2 shows the strengths Γ (γ ) of longitudinal N-rings for various N. First, we find that the identical point vortices cannot be a vortex crystal along the longitude, since [1, 1, . . . , 1, V 0 ] T / ∈ Span(v N+1 ) for any V 0 , which is in contrast to the latitudinal N-ring. Figure 2a indicates that, when the number of point vortices is odd, the strengths are positive for all γ satisfying the following periodicity owing to the discrete rotational symmetry:
The point vortex with the strongest vortex strength is always located in the inner region of the torus where the curvature is negative, that is to say, the strongest one is
. For even cases, the situation is different from the odd cases as we see in up to numerical tolerance. The speed of the latitudinal rotation V 0 (γ ), which is not shown here, is almost zero for even N, while it has a small variation with the magnitude of O(10 −4 ) for N = 3 but it vanishes as odd N increases. We now increase the number of point vortices. As far as we have confirmed, longitudinal Nrings of N 400 are vortex crystals for any γ , and their corresponding configuration matrix A has a one-dimensional null space. Since the speed V 0 is almost zero and γ 0 becomes smaller for large N, we focus on the vortex crystal of γ = 0 to observe how the distribution of the strengths converges as N increases. By normalizing the strengths so that Γ c (θ m ) = Γ m with θ m = 2π m/N, we regard them as a distribution Γ c (θ ) on θ ∈ [0, 2π ), which is plotted in figure 3 . For odd N, the distribution Γ c (θ ) tends rapidly to a positive continuous function as N → ∞ as in figure 3a . This indicates that the longitudinal N-ring configuration converges a vortex sheet with the circulation distribution Γ c (θ ). The distribution has the maximum value at the innermost point of the negative curvature θ = 0 and the minimum at the outermost point of the positive curvature θ = π . On the other hand, the strength distribution for even N inherits the same alternate sing-changing property as that of (3.3). Consequently, as N goes to infinity, the arrangement of point vortices tends to a continuous 'sheet' configuration with the unphysically singular circulation distribution. 4) in which γ ∈ [0, γ 1 ) with γ 1 = 2π/K and Φ k ∈ R/2π Z denote the longitudinal and latitudinal phase differences of the configuration, respectively. For Φ k = 0, the configuration is called a K-aligned M-ring, while it is referred to as a K-staggered M-ring when Φ k = ((2π)/M)(k mod 2). We note that N = KM is the total number of point vortices of this configuration. For K = 1, this configuration is nothing but a single latitudinal M-ring, which is always a vortex crystal with the identical strength. The 2-aligned/staggered M-ring is a special case of relative equilibria, called a pair of M-rings, which has also been considered in [18] . Accordingly, in what follows, we focus on the case of K 3. Figure 1b ,c is the illustrations of 3-aligned/staggered 10-rings with γ = 0 in three-dimensional Euclidean space. As far as we have examined, for any γ ∈ [0, 2π/K) with K = 3 and any 3 M 10, 3-aligned/staggered M-rings are always vortex crystals whose corresponding configuration matrix has a one-dimensional null space. We thus normalize the right eigenvector to the zero eigenvalue in the same manner as (3.2) in §3a to obtain the strengths, which is denoted by Γ k,m (γ ) for the mth-point vortex on the kth M-ring. As a matter of fact, we find that M-point vortices on the same line of latitude (M-ring) have the same strength. In other words, Γ k,m (γ ) is independent of m. Hence, we observe the representative strengthΓ k (γ ) ≡ Γ k,m (γ ) for the kth vortex ring in what follows. Figure 4 shows the plots of the representative strengths {Γ k (γ )} K k=1 for γ ∈ [0, γ 1 ) with γ 1 = 2π/K, k = 1, 2, 3. When K = 3, they are all positive, namelyΓ k (γ ) > 0. In addition, owing to the discrete rotational symmetry in the longitudinal direction, we observeΓ 1 (0) =Γ 3 (γ 1 ),Γ 2 (0) = Γ 1 (γ 1 ),Γ 3 (0) =Γ 2 (γ 1 ) for the aligned configuration, andΓ 1 (0) =Γ 3 (γ 1 ),Γ 3 (0) =Γ 1 (γ 1 ),Γ 2 (0) = Γ 2 (γ 1 ) for the staggered configuration. We also notice that the strengthΓ 2 (γ ) of the second vortex ring becomes the largest for all γ . In other words, the outermost vortex ring located in the positive curvature region has the maximum representative strength. When K = 4, the sign of the strengths changes alternately, i.e.Γ 1 (γ ),Γ 3 (γ ) > 0 andΓ 2 (γ ),Γ 4 (γ ) < 0. Owing to the discrete rotational symmetry, they satisfyΓ 1 (0) = −Γ 4 (γ 1 ),Γ 2 (0) = −Γ 1 (γ 1 ),Γ 3 (0) = −Γ 2 (γ 1 ) andΓ 4 (0) = −Γ 3 (γ 1 ) for both configurations. We confirm that the K-aligned/staggered M-rings with K = 3, 4 and M = 10 become vortex crystals for the aspect ratios α = 1.5, . . . , 10. They are linearly unstable, since we obtain μ N L > 0 for γ ∈ [0, γ 1 ). Fixing M = 10, we increase the number of latitudinal rings. For K = 5, 6, 7 and 8, the K-aligned/staggered 10-rings become vortex crystals whose configuration matrix has a onedimensional null space except for the case of K = 6 and 8 with γ = 0, in which the dimension of the null space is two. Since the strengths of the point vortices on the same latitude are equivalent as observed for the cases of K = 3 and K = 4, we again observe on the normalized representative strengths {Γ k (γ )} K k=1 for γ ∈ [0, γ 1 ) with γ 1 = 2π/K. Figure 5a ,b shows the plots of the representative strengths of K-aligned/staggered 10-rings for odd K = 5 and 7. They are positive and satisfy the same periodicity as in K = 3. Precisely, for odd cases, we havẽ for aligned configurations and ΓK(0) =ΓK(γ 1 ),Γ k (0) =ΓK −k+1 (γ 1 ),ΓK −k+1 (0) =Γ k (γ 1 ), k = 1, . . . ,K for staggered configurations with K = 2K − 1. For even cases, K = 6 and 8, as shown in figure 5c,d , respectively, the sign of the strength changes alternately and the discrete rotational symmetry gives rise tõ
which is consistent with the case of K = 4.
We consider many latitudinal rings to see the limiting behaviour of K-aligned/staggered 3-rings for K 800. As far as we have confirmed numerically, those configurations are always vortex crystals with a one-dimensional null space. Figure 6a,b shows the 400-aligned 3-rings and the 800-staggered 3-rings illustrated in three-dimensional Euclidean space. As K gets larger, the aligned configuration tends to three longitudinal curves around the handle of the torus, while we have six longitudinal curves for the staggered configuration. Generally, K-aligned/staggered M-rings tend to M/2M longitudinal continuous curves as K → ∞. Since point vortices on each of the longitudinal K-rings have the same strengths, we pay attention to the distribution of the representative strengths along one of the longitudinal curves around the handle. We then define the circulation along the longitudinal curve by Γ s (θ k ) =Γ k (0) for θ k = 2π/K. When K is odd, for aligned configurations, the value of Γ s (θ k ) converges to a continuous distribution as shown in figure 6c . This is consistent with the distribution of a single longitudinal vortex sheet as we have 
Vortex crystals on helical curves
We here explore another family of vortex crystals specific to the toroidal geometry: the existence of a handle structure. Suppose that the fundamental group associated with the toroidal surface has two non-trivial generators, say, x and y, corresponding to loops rotating in the latitudinal and longitudinal directions, respectively. Then any element in the fundamental group is expressed by x p y q for p and q ∈ Z, which is realized as a curve in three-dimensional Euclidean space homotopic to the following helical curve x (p,q) h defined on R/2π Z: r cos ps) cos qs, (R − r cos ps) sin qs, r sin ps). (4.1)
We will find vortex crystals that are arranged along the helical curve in what follows.
(a) Asymmetric vortex crystals
The simplest choice of N points is an evenly spaced arrangement on the segment [0, 2π ). Namely, setting s m = (2π/N)m for m = 1, . . . , N, we simply check whether or not the configuration matrix corresponding to (ϑ m , ϕ m ) = (ps m , qs m ) has a zero singular value. However, unfortunately, this is not the case. Therefore, we need to look for a good configuration of N-point vortices along the helical curve x (p,q) h in a random manner. To accomplish this task, we use the Brownian ratchet scheme developed by Newton & Chamoun [20] . Without loss of generality, we assume that p and q are coprime positive integers so that the map x (p,q) h becomes injective. For given (p, q) and N, letting N points move randomly along the curve, we find vortex crystals as follows.
(i) Guess the initial location. For m = 1, . . . , N, sampling ξ m from the uniform distribution on [0, (2π/N)), we set s m = (2π/N)m + ξ m ∈ R/2π Z. For each trial, we compute the singular values of the configuration matrix for (ϑ m , ϕ m ) = (ps m , qs m ). Repeating this step many times, we store the locations {s m } N m=1 where the minimum singular value becomes the smallest. The initial guess of the ratchet scheme is given by this configuration with the smallest singular value, say, σ min , among the trials. This step is done only once. (ii) Ratchet scheme . For m = 1, . . . , N, taking samplesξ m from the normal Gaussian distribution of mean 0 and variance σ min and settings m = s m +ξ m ∈ R/2π Z, we compute the smallest singular valueσ min of the configuration matrix for {s m } N m=1 . Ifσ min ≤ σ min , we renew the locations, i.e. s m =s m for m = 1, . . . , N, and set σ min =σ min , otherwise the trial is discarded. (iii) Terminate the ratchet. The process (ii) is repeated untilσ min falls below a certain predetermined threshold, which is set to be of O(10 −13 ) in this paper. We call the final state as an approximated configuration of a vortex crystal. (iv) Post processing. The strengths {Γ m } N m=1 of point vortices and the latitudinal speed V 0 are found from the null space spanned by the singular vectors. Since all configuration matrices for vortex crystals obtained here have one-dimensional null space, i.e. Rank(A) = N, we normalize the right singular vector
The ratchet scheme successfully generates vortex crystals for 3 N 8 on the helical curves
On the other hand, for N 9, the algorithm hardly converges, indicating that the singular valueσ min is trapped in a local minimum with a positive value. This is a drawback of the ratchet algorithm originating from its stochastic nature, since the dimension of the search space for the random walk gets larger as N increases. This phenomenon was observed in the studies of vortex crystals on the sphere [27, 28] . 
(b) Helical longitudinal rings
As we observe in the previous section, when the number of the randomly moving points gets larger, it is more difficult to obtain vortex crystals. To overcome this difficulty, by imposing a certain constraint on point configurations, we try to obtain vortex crystals consisting of many point vortices. Let (p, q) be a given pair of coprime positive integers. Suppose that we choose L lines of latitudes, {ψ ∈ R/2π Z} L =1 , going around the handle of the toroidal surface. Then, each longitudinal line intersects with the helical curve x (p,q) h at q points. We thus generate N = Lq point configurations aligned along the helical curve by picking up those intersection points. In other words, these points form L longitudinal q-rings revolving helically around the handle along with the helical curve x (p,q) h . We investigate whether or not the point configuration of L longitudinal q-rings becomes a vortex crystal for an appropriate choice of {ψ } L =1 . The following modified Brownian ratchet scheme is used. They are vortex crystals consisting of N = 133 = 19 · 7 points arranged helically along the curves x (7, 19) h and x (14, 19) h , which are drawn as dotted curves. The part of the normalized strengths, (Γ 1 , . . . , Γ 19 ), corresponding to one of the longitudinal 19-rings on the same longitude for (c) (p, q) = (7, 19) and (d) (p, q) = (14, 19) are plotted.
this step many times, we store the locations {ψ } L =1 where the minimum singular value becomes the smallest. The initial guess of the ratchets scheme is given by the configuration having the smallest singular value, say, σ min , among the trials. This step is done only once. (ii) Ratchet scheme. For = 1, . . . , L, taking samplesξ from the normal Gaussian distribution of mean 0 and variance σ min and settingψ = ψ +ξ ∈ R/2π Z, we compute the smallest singular valueσ min for the configuration matrix corresponding to {ψ } L =1 . Ifσ min ≤ σ min , we renew the locations, ψ =ψ for = 1, . . . , L, and set σ min =σ min , otherwise the trial is discarded. (iii) (iv) are the same.
For L = 1, it is nothing but a single longitudinal q-ring, which is always a vortex crystal as shown in §3a. When L = 2, the modified Brownian ratchet scheme provides vortex crystals for q = 2, . . . , 19 and p < q. Precisely, for each pair of (p, q), there exists a real γ for p = 7 and p = 14 in figure 8a,b, respectively. Note that p = 7 = 1 × L < q = 19 and p = 14 = 2 × L < q = 19. In both panels, the seven longitudinal 19-rings are evenly spaced in the latitudinal direction, revolving around the handle in the longitudinal direction along the helical curve. Since each of the seven 19-rings has the same strength distribution, we plot the strengths of point vortices on one of the 19-ring for (p, q) = (7, 19) and (14, 19) in figure 8c,d , respectively, which indicate that the strengths are positive and the distribution depends on the number of branches p.
Concluding remarks
We obtain vortex crystals on the surface of a torus, in which the relative configuration of point vortices is unchanged rotating in the latitudinal direction at a constant speed. Regarding equations (2.7) and (2.8) as a linear null equation, we look for point locations whose corresponding configuration matrix becomes rank deficient. The strengths of point vortices and the latitudinal speed of rotation are taken from the null space of the configuration matrix. All calculations are performed via the singular value decomposition of the configuration matrix, which is much easier than solving the equations as a nonlinear one with respect to point locations for given strengths.
To find a rank-deficient configuration matrix, we have adopted an ansatz-based approach and/or a stochastic approach. The ansatz-based approach reveals that longitudinal N-rings and K-aligned/staggered M-rings become vortex crystals. They are linearly unstable regardless of the aspect ratio of the torus. When the number of point vortices in the longitudinal direction is odd, the strengths of point vortices are positive and their distribution varies in accordance with the curvature of the torus. As we increase the number of point vortices, each longitudinal vortex ring converges to a vortex sheet with a continuous positive circulation distribution. On the other hand, when the number of point vortices is even, the sign of the strengths changes alternately. As a result, each vortex ring tends to an unphysical 'vortex sheet' with a singular sign-changing distribution as the number of point vortices gets larger.
We have also found vortex crystals consisting of point vortices on the curve x (p,q) h that is winding around the handle of the torus for a pair of coprime integers p and q. They are obtained by allowing N points random walk along the curve using the Brownian ratchet scheme. For small N, the Brownian ratchet scheme generates asymmetric vortex crystals, most of which are linearly unstable. In addition, with the hybrid of an ansatz-based approach and a stochastic approach, we obtain vortex crystals, called L helical longitudinal q-rings, consisting of N = Lq point vortices located at the intersection points between L equi-spaced lines of longitude and the curve x (p,q) h for primes L and q, and p(< q) that are multiples of L. They are all linearly unstable.
To summarize, the vortex crystals obtained in this paper give rise to point configurations that are brought by the existence of the handle structure of the torus. In contrast to the fact that the N-ring located in the negative curvature region always becomes neutrally stable for sufficiently large aspect ratio [29] , those vortex crystals are mostly linearly unstable except for the asymmetric vortex crystal consisting of N = 5 point vortices on the helical curve x (1, 2) h as shown in electronic supplementary material, figure S1. We also observe that finding vortex crystals on the toroidal surface with the Brownian ratchet scheme is less probable than those in the plane and on the sphere. We expect that it stems from the inhomogeneity of the toroidal geometry that is less symmetric than these surfaces with a constant curvature and without a handle structure.
Let us finally discuss the results in connection with the configurations of quantized vortices in superfluid helium, whose strengths should be quantized and cannot take arbitrary real numbers. The longitudinal N-ring for odd N is not realizable, since their strengths cannot be normalized as integers generically as we see in figure 2a . On the other hand, the longitudinal N-ring for even N may be realizable, since the magnitudes of the vortex strength are almost the same as shown in figure 2b . In addition, the other vortex crystals obtained in this paper fail to have quantized strengths, which are far from physical. This situation may be remedied, as discussed in [16, 17] , by adding a special flow called 'pore' flow on the surface of a torus, which will be left open for a future study.
